We prove the existence of real Picard-Vessiot extensions for real partial differential fields with real closed field of constants. We establish a Galois correspondence theorem for these Picard-Vessiot extensions and characterize real Liouville extensions of real partial differential fields.
Introduction
In [5] and [6] , we proved the existence of a real Picard-Vessiot extension for linear differential equations defined over a real ordinary differential field with a real closed field of constants C, we gave an appropriate definition of its differential Galois group, proved that it has the structure of a C-defined linear algebraic group and established a Galois correspondence theorem in this setting. In [4] , we gave a characterization of real Liouville extensions of an ordinary differential field in terms of differential Galois groups, which answers a question raised in [8] .
In this paper, we establish the analogous results for partial differential fields. The setting up of a Picard-Vessiot theory for real partial differential fields opens the way to the elaboration of a real version of Malgrange's general differential Galois theory (see [2] , [10] , [11] ).
All fields considered will be of characteristic zero. We refer the reader to [3] for the topics on differential Galois theory, to [1] for those on real fields.
Existence of real Picard-Vessiot extensions
Following Kolchin [9] , for K a field with pairwise commuting derivations ∂ 1 , . . . , ∂ m , we shall denote by K D the field K u 1 , . . . , u m , where u 1 , . . . , u m Both authors acknowledge support of grant MTM2009-07024, Spanish Science Ministry.
are differentially algebraically independent over K, endowed with the deriva-
Proposition 1. Let K be a real field endowed with pairwise commuting derivations ∂ 1 , . . . , ∂ m such that the field of constants C is real closed. Let us be given a differential system
where
Then there exists a Picard-Vessiot extension of K for (1), which moreover is a real field.
Proof. It is known that there exists a Picard-Vessiot extension L of K(i) for (1), i.e. L is differentially generated over K(i) by the entries of a fundamental matrix y = (y ij ) of (1) and the field of constants of L is the algebraically closed field C(i).
We consider now the field K D := K u 1 , . . . , u m , where u 1 , . . . , u m are differentially algebraically independent over K, endowed with the derivation
Clearly a fundamental matrix for (1) with entries in some field extension K ′ of K is also a fundamental matrix for (2) with entries in the field K (2) . On the other hand, as L is generated over K(i) by the entries of a fundamental matrix y for (1), the field L D = L u 1 , . . . , u m is generated over K D (i) by the entries of y, which, by the preceding observation, is as well a fundamental matrix for (2) . Hence, L D is a Picard-Vessiot extension of K D (i) for (2) and we have a differential
Let us identify F with its image by this isomorphism. We have then an involution σ in L D , commuting with the derivation D, such that σ |F = Id F ; in particular, σu k = u k , 1 ≤ k ≤ m. This last equality implies that the field L is stable under σ.
Let us consider now the C(i)-vector subspace V of L r of solutions of (1). As the differential system (1) is defined over K, we have σ(V ) ⊂ V . Let us write V σ = {v ∈ V : σv = v}. Clearly V σ is a C-vector subspace of V and, if v 1 , . . . , v s is a C-basis of V σ , it is as well a C(i)-basis of V . Indeed, if
Remark 2. In their preprint [7] , H. Gillet, S. Gorchinskiy and A. Ovchinnikov prove the existence of Picard-Vessiot extensions for real differential fields with real closed field of constants. It is worth pointing out that their method, namely the use of Tannakian categories, does not lead to the existence of a real Picard-Vessiot extension.
Galois correspondence
Let K be a real partial differential field with real closed field of constants C, L|K a real Picard-Vessiot extension. As in the ordinary case (see [6] ), we shall
by means of the bijection
The group DHom K (L, L(i)) has the structure of a C-defined (Zariski) closed subgroup of some C(i)-linear algebraic group and we shall denote it as DGal(L|K).
assigns its restriction to L is an isomorphism of groups.
Proof. See [9] , Theorem 1.
K ⊂ E ⊂ L, then L|E is a real Picard-Vessiot extension and DGal(L|E) is a C-defined closed subgroup of DGal(L|K). As in the ordinary case (see [5] Theorem 3.1, [6] Theorem 4.4), we obtain a Galois correspondence theorem.
Theorem 4. Let K be a real partial differential field with real closed field of constants C, L|K be a real Picard-Vessiot extension, DGal(L|K) its differential Galois group.
The correspondences
define inclusion inverting mutually inverse bijective maps between the set of C-defined closed subgroups H of DGal(L|K) and the set of partial differential fields E with K ⊂ E ⊂ L.
The intermediate partial differential field E is a Picard-Vessiot extension
of K if and only if the subgroup DGal(L|E) is normal in DGal(L|K). In this case, the restriction morphism
Liouville extensions
Definition 5. Let K be a real field endowed with pairwise commuting derivations ∂ 1 , . . . , ∂ m such that the field of constants C of K is real closed. Let L|K be a partial differential field extension, α an element in L. We say that α is
-the exponential of an integral over
From Proposition 3 and the corresponding results in the ordinary case ([4] Examples 7 and 8), we obtain that, if α is an integral over K, then K α |K is a real Picard-Vessiot extension and its differential Galois group DGal(K α |K) is isomorphic to the additive group G a ; and, if α is the exponential of an integral and the field K α is real and with field of constants equal to C, then K α |K is a Picard-Vessiot extension and DGal(K α |K) is isomorphic to the multiplicative group G m , or a finite subgroup of it.
, where α i is either an integral or the exponential of an integral over F i (resp. or α i is algebraic over F i ).
From the definition, we obtain that L|K is a (generalized) Liouville extension of partial differential fields if and only if the ordinary differential field extension L D |K D is a (generalized) Liouville extension. Definition 7. Let G be a connected solvable linear algebraic group defined over a field C. We say that G is C-split if it has a composition series G = G 1 ⊃ G 2 ⊃ · · · ⊃ G s = 1 consisting of connected C-defined closed subgroups such that G i /G i+1 is C-isomorphic to G a or G m , 1 ≤ i < s.
From the results obtained in the ordinary case ([4] Section 3, Theorems 17 and 18), we obtain the characterization of real Liouville extensions of real partial differential fields. Theorem 8. Let K be a real partial differential field with real closed field of constants C, L|K be a real Picard-Vessiot extension, DGal(L|K) be its differential Galois group. The following conditions are equivalent.
1. L|K is a generalized Liouville extension.
2. L is contained in a generalized Liouville extension of K.
3. The identity component of DGal(L|K) is solvable and C-split.
